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On the complexity of trilateration with noisy range measurements
Cem Evrendilek, Hüseyin Akcan

Abstract—Recent developments, especially in wireless and
mobile networks, have enabled the use of location based services
in many application areas. Accurate location discovery, however,
is still an open problem. A widely used and practical localization
method is trilateration. However, trilateration works best when
exact range measurements are available, which is not apparently
the case in real-world due to device errors or environmental
noise. In this paper, localization through trilateration when
the distance measurements are imprecise, is shown to be NP-
complete. Moreover, we also prove that no matter how small the
ranging errors get, the problem is still intractable. This result
alone justifies the need for new models for localization which are
robust enough to operate even in noisy environments.

Index Terms—Wireless sensor networks, localization, trilater-
ation, tractability, NP-hardness, location estimation.

I. INTRODUCTION

Recently, accurate location discovery of devices, items, or
humans has been gaining a lot of interest in the research
community. Various research areas, including wireless sensor
networks, mobile wireless networks, vehicular networks rely
on accurate localization of objects for peer discovery, rout-
ing, search and rescue missions, tracking, advertisement, and
mobility of unmanned vehicles or robots.

Range-based localization [5] [14] is a well known localiza-
tion method, particularly in wireless networks, and uses the
distances among nodes to perform localization. The distances
are either known apriori, or measured by a well known
ranging method such as TOA, TDOA [15], or UWB ranging
[10]. The localization algorithm later uses these set of range
measurements to localize the nodes in the network.

Range-based localization has its own difficulties, as using
only ranging turns the problem into a graph realization prob-
lem [8], shown to be NP-Hard [17] [18] for general graphs.
The situation does not get any better when the underlying
graph is a unit disk graph [6], mostly used in wireless
networks, as [2] and [3] show, the problem remains still NP-
Hard for unit disk graphs. Moreover, the problem is known to
be NP-Hard [8] even when the underlying graph is globally
rigid. A widely used relaxation of the localization problem
is Trilateration, which is defined in [8] to be the operation
whereby a node with known distances to three other nodes
which are not colinearly located, determines its own position
in terms of the positions of those three already localized nodes.
A Trilateration graph in plane or 2D is defined in [8] to be a
graph containing as seed the complete graph with three nodes
and an ordering on the rest of the nodes such that each node
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has three edges to the nodes earlier in the sequence. Those
who would like a more formal treatment of the rigidity theory
are referred to [7] and [8] for the theoretical foundations of
network localization in rigidity theory. Assuming that the net-
work graph is a trilateration graph and the range measurements
are exact, the trilateration algorithm solves the localization
problem in polynomial time.

Unfortunately, in real-world, the range measurements are
always prone to errors caused by environmental noise or
device failures. [1] and [4] study localization in the noisy case.
In [1], it is posed as a minimization problem and the deter-
mination of an effective and robust algorithm is stated to be a
separate and challenging task. Although there has been recent
efforts [11] [12] [13] [16] to design localization algorithms
resilient to errors, there has not been a comprehensive study on
the computational aspects of trilateration with ranging errors.
Therefore, in this paper, we try to fill this gap by proving that
localization using trilateration is NP-complete in the presence
of noisy measurements, and no polynomial time solution is
possible in the general case.

II. THE PROBLEM DEFINITION
In this section, the formal definition of the trilateration

problem is presented, along with the NP-completeness proof
for imprecise ranging measurements.

A point formation F is defined as a realization of nodes with
Euclidean coordinates preserving the distances in a graph G.
Definition II.1. Given a trilateration graph, G(V,E), and
the maximum constant measurement errors εij ≥ 0 associated
with each edge (i, j) ∈ E where i, j ∈ V , the problem of
deciding whether there exists a point formation F where the
distances dF

ij between any two nodes i and j in F is within ε-
range of the corresponding distance dG

ij in G (i.e. |dF
ij−dG

ij | ≤
εij) is called εij-TRILAT .

Lemma II.2. εij-TRILAT is in NP.
Proof: Given a solution to a corresponding instance of

εij-TRILAT , it is trivial to compute the distances between
the pair of nodes specified in the trilateration graph and check
to see if they are in the allowed range. The time to verify a
given solution is, thus, linear in the size of the trilateration
graph and hence polynomial in the size of the input.
The NP-completeness of εij-TRILAT , is shown by a reduc-
tion from the Partition problem known to be NP-complete [9].
Definition II.3. The Partition problem decides whether a
partitioning of a multiset S = {a1, a2, ..., an} of integers into
two subsets S1 and S2 with equal sums is possible.

Let S = {a1, a2, ..., an} be a multiset of positive integers.
In polynomial time, we may construct from S a description
of a corresponding trilateration graph in which the ordering
has n stages. Each ai ∈ S becomes the basis of ranging
measurements used in trilaterating the nodes in the next stage.
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Fig. 1. (Left) Construction of the seed. (Right) Localizing node A1.
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Fig. 2. Localizing nodes Ai, Bi, Ci, and Oi.

The construction of the trilateration graph along with the
ordering is specified in three main stages: (i) Localization of
node A1, (ii) Localization of nodes Ai, Bi, Ci, and Oi for
1 < i < n when Ai−1, Bi−1, Ci−1, and Oi−1 are already
localized, and (iii) Localization of An.

Stage(i) [Localization of A1]: Figure 1 presents the two
distinct types of gadgets used in constructing the correspond-
ing instance of εij-TRILAT in this stage. The first type of
gadget, as seen in Figure 1(Left), is the seed set of three
nodes {B1, C1, D1}. It should be noted at this point that all
ranging measurements and the associated errors are assumed
to be rational without loss of generality. This provides for
an easier accountability as to whether the transformation
is carried out in polynomial time. The pairwise distances
between the seed nodes measured as |B1C1| = 8

3a1 and
|B1D1| = |C1D1| = 5

3a1 are shown in Figure 1(Left).
Figure 1(Right) shows the second type of gadget, which

is used next in Stage(i) once the seed nodes are specified.
Nodes {O1, E1, F1} are placed at the mid-points on the edges
of the triangle formed by the seed nodes {B1, C1, D1}. The
node identified by O1 is localized by trilaterating it against B1

at distance 4
3a1, C1 at distance 4

3a1, and D1 at a measured
distance of a1. Next, the nodes E1 and F1 are localized. E1 is
located to be at an equal distance of 5

6a1 from all three points
B1, D1, and O1. F1 is, likewise, at distance 5

6a1 from points
C1, D1, and O1. G1 can now be localized to be at a distance
of 2

3a1, 2
3a1, and 1

2a1 from nodes E1, F1, and O1 respectively,
which have already been localized. At the last step of Stage(i),
A1 is finally localized with respect to D1 at distance a1−ε, G1

at distance 1
2a1− ε, and B1 at a distance of 4

3a1± ε. It should
be noted at this point that the first two distances measured to
D1 and G1 are exact while the distance measured to B1 has
an error term associated with it. The distance |A1B1| may take

on any value in the range [ 43a1 − ε, 4
3a1 + ε] where ε ∈ [0, 1]

is a rational number whose value will be fixed below later.
Stage(ii) [Localization of Ai, Bi, Ci, and Oi]: Stage(ii) is

iterated n− 2 times for i ranging from 2 to n− 1. At the ith
iteration, nodes Ai, Bi, Ci, and Oi are localized inductively
with respect to a base set of nodes localized in the previous
iteration as shown in Figure 2. Each iteration consists of a
sequence of seven separate trilaterations in the order specified
below:

1) Ai is localized by trilaterating it against the nodes Ai−1,
Bi−1, and Ci−1. The distances to both Bi−1 and Ci−1

are measured exactly as 5
3ai−1. The distance to Ai−1,

on the other hand, is measured to be ai−1± ε which has
an error term incorporated.

2) Wi is located to be at distance 4
3 |ai − ai−1| to Bi−1,

4
3 (ai + ai−1) to Ci−1, and 4

3ai ± ε to Ai−1.
3) Zi is at a distance of ai−1 from Bi−1, 5

3ai−1 from Oi−1,
and 4

3ai−1 from Ai−1.
4) Xi is localized to be ai away from Wi, 5

3ai from Oi−1,
and 5

3 |ai − ai−1| from Zi.
5) Bi is localized with respect to Wi exactly at distance

ai−1 + ε, Xi at an exact distance of |ai−ai−1− ε|, and
Ai at distance 4

3ai ± ε with error ε.
6) Ci can now be localized similarly to Bi as in the

preceding step.
7) Oi is finally trilaterated with respect to Bi ( 4

3ai), Ci

( 4
3ai), and Oi−1 (ai−1 + ε).

As a result of the above steps, two possible sets of positions
are calculated, namely, {Ai, Bi, Ci} and {A′

i, B
′

i , C
′

i}, as
shown in Figure 2. The situation is known in localization as
the flip ambiguity problem, and is a result of the ranging errors.

Stage(iii) [Localization of An]: Stage(iii) is special in that
it is not just An−1 localized in the previous stage but also A1

that are used to localize An. An is localized against Bn−1

( 5
3an−1), Cn−1 ( 5

3an−1), and A1 (an ± (n− 1)ε).
The total number of nodes localized is 10n − 14. The

transformation, described above in three stages takes thus
O(n) time which is polynomial in the number of points in
the given instance of the Partition problem. We can now
prove the following.
Lemma II.4. Given an instance of Partition, it has a solu-
tion iff the corresponding transformed εij-TRILAT instance
has a solution.

Proof: The proof proceeds in two parts: First the suf-
ficiency and then the necessity. The sufficiency condition is
given as: If Partition has a solution, then, εij-TRILAT
will also have a solution. We define, for all 1 ≤ i ≤ n,
dir(i) = 1 if ai ∈ S1 and −1 otherwise. The vector

−→
dir is

used simply to denote a particular configuration of the given
instance of the Partition problem with dir(i) as its ith element.
If there exists a solution for the given instance of Partition,
then, there is a selection of values dir(i) such that the inner
product

−−→
dist.
−→
dir = 0 where

−−→
dist is the vector whose ith

element corresponds to ai ∈ S. If there is such a sequence
of dir(i), then, the use of this same sequence will impose a
particular sequence of compatible flips on the corresponding
transformed instance of εij-TRILAT . A trilateration in line
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with the values dir(i), hence, will specify the x-coordinate
of the location of An, denoted by An.x, as (see Figure 2 in
order to observe that the distance between the lines BiCi and
Bi+1Ci+1 for all i ∈ [1, .., (n − 2)] is fixed and equals to
ai + ε):

An.x = ε+
n−2∑
i=1

[(ai + ε)dir(i)] + an−1dir(n− 1) (1)

The addition of the term andir(n) to An.x gives, therefore,
the location reached when a distance of an is travelled in
the direction towards A1 as specified in the solution to the
given Partition instance. This new position must be within
±(n− 1)ε of A1 assumed, without loss of generality, to be at
the origin if

−→
dir specifies a solution also for the corresponding

instance of εij-TRILAT . In order to verify this, the term
andir(n) is added to Eq. 1 to get A1.x as:

ε+
n−2∑
i=1

[(ai + ε)dir(i)] + an−1dir(n− 1) + andir(n)

=ε+
n∑

i=1

aidir(i) +
n−2∑
i=1

εdir(i)

=ε+
n−2∑
i=1

εdir(i)

which is seen to be in the presumed range of ±(n− 1)ε.
The necessity part of the proof is presented below. Given a

solution to the transformed instance of εij-TRILAT problem,
one can use it to specify a solution for the corresponding
instance of the Partition by using the induced sequence
of flips as follows: for all i ∈ [1..n], if A(i mod n)+1 is to
the left of Ai, ai is assigned to S2 and dir(i) is set to −1,
otherwise it is assigned to the other partition S1 with dir(i)
correspondingly set to 1. Then,

ε+
n−2∑
i=1

(ai + ε)dir(i) + an−1dir(n− 1) + andir(n) (2)

is in between ±(n − 1)ε of A1 localized to be at the origin.
Given this fact, Eq. 2 can be rewritten in the form:

−(n− 1)ε ≤ ε+
n∑

i=1

aidir(i) +
n−2∑
i=1

εdir(i) ≤ (n− 1)ε (3)

It is readily seen from Eq. 3 that

− (n− 1)ε− (n− 1)ε ≤
n∑

i=1

aidir(i) ≤ (n− 1)ε+ (n− 3)ε

− 2(n− 1)ε ≤
n∑

i=1

aidir(i) ≤ 2(n− 2)ε

For all values of ε < 1
2(n−1) , then

−1 < −2(n− 1)ε ≤
n∑

i=1

aidir(i) ≤ 2(n− 2)ε < 1 (4)

When ε is set to any rational value less than 1
2(n−1) , the term∑n

i=1 aidir(i) in Eq. 4 must be zero since the term is integer
valued. The result hence follows easily.

The main theorem, hence, can be stated as follows:

Theorem II.5. εij-TRILAT is NP-complete.

Proof: The result directly follows from Lemma II.2 and
Lemma II.4.

III. CONCLUSION
In this paper, we readily provide the proof that, trilateration,

a well known relaxation of the localization problem is NP-
complete in real-world environments, where ranging errors are
inevitable. Moreover, our proof also reveals an important fact
that, no matter how small the ranging error gets the problem
is still intractable.
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