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Introduction

» The central mathematic problem in optimization is that of
maximizing a function of several variables, where these
variables are bound by constraining equations. The prototype
problem is

maximize F(X1y.eees Xn)

where (x1,....,xp) € R" must satisfy

gl(Xl, ...,Xn) S bl, ....,gk(Xl, ....,Xn) § bk,

hl(Xl, ...,Xn) = Clyeenny hm(Xl7 ....,Xn) = Cm-
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Introduction

» Utility Maximization Problem

maximize U(x1, ..., Xn)

subject to pix1 + paxo + oo + paxn < 1,
x1>0,x>0,...,x, >0.

» Utility Maximization Problem with labor/Leisure Choice

maximize U(x1y ooy Xny )
subject to pix1 + poxo + ... + poxn < I+ wh,
/0 + /1 = 24,

x1 > 0,x0>0,....,x, > 0.
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Introduction Equali

» Profit Maximization Problem of a Competitive Firm

n
maximize MN(x1y ooy Xn) = pF(X1, ey Xn) — Z Wi X;
1

n
subject to pf (X1, .oy Xn) — Z wix; > 0,
1

gl(X) S bl, ....,gk(X) S bk7
x1>0,x>0,...,x, > 0.
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Equality Constraints

Two Variables and One Equality Constraint

maximize f(x1,x2)
subject to pix1 + paxo =1

» Geometrically, the goal is to find the highest valued level curve
of f which meets the constraint set.

» The highest level curve of f to touch the constraint set C
must be tangent to C at the constrained max.

» The slope of the level set of f equals the slope of the
constraint curve C at the constrained maximizer x*.
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Equality Constraints

» The slope of the level set of f at x*

() = () )

Cox

> the slope of the constraint set {h(x1,x2) = c} at x* is

) = S (c) @)

T ox
» Two slopes are equal means
of of
871(’(*) _ aTQ(X*) — 0 (3)
Oh ~ Oh N
e (X) e (x)
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Equality Constraints

> Rewrite 3 as the two equations

ofF .. oh, .
87)(1(" )_“071(" ) =0, (4)
) — g () = 0 ©)

> Including the constraint equation h(xy, x2) — ¢ = 0 with equations
(4), (5) yields a system of three equations in three unknowns. Form
the Lagrangian function

L(x1, X2, 1) = f(x1,x2) — p(h(x1, x2) — ). (6)
» The new variable 1 which multiplies the constraint is called a
Lagrange multiplier.

» Constraint qualification 0h/0x; or Oh/Jxy (or both) is not zero
at the maximizer x*.
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Introduction Equality Constraints Inequality Constraints Mixed Constraints Minimization Kuhn-Tucker

Theorem
Let fand h be C' functions of two variables. Suppose that x*=
(x{,x3) is a solution to the problem

mazimize f(x1,x2)

subject to h(x1,x2) = ¢

Suppose futher that (x;',x3) is not a critical point of h. Then there
is a real number v such that (x{,x3, u) is the critical point of the
Lagrangian function

L(x1, x2, ) = f(x1,x2) — u(h(x1, x2) — ).
In other words, at (x7, x5, )

oL oL oL
87)(1 == 0, 67)(2 = 0, and
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Equality Constraints

Several Equality Constraints

Maximize or minimize f(X1, ey Xn)-

subject to Ch={x=(x1,....,xn) : h1(X) = a1, ..., hm(X) = am}.

» If we have one constraint h(xi, ..., x,) = a, some first order
partial derivative of h is not zero at the optimal x*.

oh . oh, .  0h,,
((M x). G () )) £(0,0,..,0)  (7)
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Equality Constraints Ineq

Kuhn-Tucker

» |f we have m constraint functions, m> 1, the natural

generalization of (7) involves the Jacobian derivative

Dh(x*)= | ]

9hm
aTl(X*)

oh
g*zi(X*)
o (x7)

Ohm (X*)

OXn

of the constraint functions. A point x* is called a critical point

th:(hl,...

, hm) if the rank of the matrix Dh(x*) is < m.

The natural generalization of the constraint qualification is
that the rank of Dh(x*) be m - as large as it can be.

Formally, (hq, ..

., hm) satisfies the nondegenerate constraint

qualification (NCDQ) at x* if the rank of Dh(x*) at x* is m.
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Introduction Equality Constraints Inequality Constraints Mixed Constraints Minimization Kuhn-Tucker

Theorem
Let f and hy, ..., hy, be C! functions of n variables. Consider the
problem of maximizing (or minimizing) f(x) on the constraint set

ch={x=(x1,..0yxn) : h(x) = a1, ..., Am(x) = am }.

Suppose that x* € Cj and that x* is a local max or min of f on Cj.
Suppose further that x* satisfies condition NDCQ. Then, there
exist (1], ..., i, such that (x1, ..., x3, 13, ..., )= (x5, p*) is a
critical point of the Lagrangian

L(x, p) = f(x)—pa[h1(x)—a1]—palha(x) —a2] —....— fim[Am(X) —am].
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Equality Constraints

In other words,

axl (X 7lu ) - 07 '78Xn(x 7#’ )*0,
oL oL

(XM ) = 0., ——(x*,u*)=0
8#1( 1) aMm( 1)
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Inequality Constraints Mixed Constrair

One Inequality Constraint

Maximize f(x,y).

subject to  g(x,y) < b.
» Form the Lagrangian
L(X’yv)\) = f(X?.y) - )\[g(X,y) - b]

» The constraint is binding (or is active, effective or tight), that
is, g(x,y) — b =0, in which case A must be > 0, or the
constraint is not binding in which case A must be zero.

» Complemantary Slackness Condition

Alg(x,y) — bl =0.
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Introduction Eqt nts Inequality Constraints Mix ints Viin tion Kuhn-Tucker

Theorem
Suppose that f and g are C! functions on R? and that (x*,y*)
maximizes f on the constraint set g(x,y) < b. If g(x*,y*) = b, suppose

that 5 5
g 7g * £
ax () #0 or S yT) £ 0

In any case form the Lagrangian function
L(Xv.ya)‘) = f(X,_y) - A[g(X,y) - b]

Then there is a multiplier A* such that:

Lo ZE(x*,y*, A7) =

2. OL( Y5, AY) =0,

3. Ag(x,y)—b]=0.

4. \* >0,

5 olx* v*)\<h
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Inequality Constraints

Notice the similarities and differences between the statatements of
the theorem regarding equality constraints and the theorem which
covers inequality constraints:

1. Both use the same Lagrangian L and both require the derivatives of
L with x;'s be zero.

2. The condition that OL/du = h(x,y) — ¢ = 0 for equality constraints
may no longer hold for inequality constraints since the constraint
need not be binding at the maximizer in the inequality constraint
case. It is replaced by two conditions:

oL
Alg(x,y)— bl =0. and o g(x,y)—b<0.

3. We check a constraint qualification for both situations. We need
only to check a constraint qualification for an inequality constraint if
that constraint is binding at the solution candidate.

4. There are no restrictions on the sign of the multiplier in the equality
constraint situation; however the multiplier for inequality constraints
must be nonnegative.

lzmir University of Economics Econ 533: Quantitative Methods and Econometrics



Inequality Constraints Mixe

Several Inequality Constraints

Theorem

Suppose that f, g1, ..., g« are C* functions of n variables. Suppose that
x* € R" is a local maximizer of f on the constraint set defined by k
inequalities

gl(Xla'-')Xna) S b17"'7gk(xl7"'axn) S bk'

Assume that the first kg constraints are binding at x* and that the last
k — ko constraints are not binding. Suppose that the following NCDQ is
satisfied at x*.

The rank at x* of the Jacobian matrix of the binding constraints

9, 0,
a—ii(x*) ... ail' (x*)
og - og| -
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Introduction Equali nstraints Inequality Constraints Mix nstraints Minimization Kuhn-Tucker

is ko - as large as it can be.
Form the Lagrangian

L(xt, . oy Xny ALy ooy Ak) = F(X)=A1[g1(x)—b1]—. . .—Ak[gk (X)—bk]-

Then, there exist multipliers A7, ..., A] such that:
Lo FE(x, X)) =0,..., 85 (x",\") =0
2. /\T.[gl(x) —b]=0,..., A};.[gk(x) —bi] =0
3.0 >0,...,A, >0,
4

g(x) < bi,. .. g(x7) < by.
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Mixed Constraints

Theorem

Suppose that f,g1,...,8k, h1,..., hm, are C* functions of n variables.
Suppose that x* € R" is a local maximizer of f on the constraint set
defined by k inequalities and m equalities.

gl(Xl,...,X,,,) < bl,...,gk(xl,...,x,,) < bk.
hl(Xl,...,X,,,) = Cl,...,hm(Xl,...,X,,) = Cm-

Assume that the first ko constraints are binding at x* and that the last
k — ko constraints are not binding. Suppose that the following NCDQ is
satisfied at x*: The rank at x* of the Jacobian matrix of the equality
constraints and the binding inequality constraints
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Kuhn-Tucker

0 e)
o (x) o g (x)

g . . ag .
g—;;o(x*) . 6:’ (x*)
a—xi(x*) . 8)& (x*)

%hTT(X*) . 8h—’"(x"‘)

is ko + m - as large as it can be. Form the Lagrangian

L(Xl,...,Xn,)\l,...,)\k,,ul,...,,U,m)
= f(X) - )\1[g1(X) — bl] — ... Ak[gk(X) — bk]
—ph(x) —a] = ... = pim[hm(x) — cm].
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Mixed Constraints Mir

Kuhn-Tucker

Then, there exist muItipIiers Al NG Y, - - s iy such that:
1.

ébq(x A*) =0, "’8x L (x*, )\*)—

2. M [g1(x) =] =0,..., A [gk(x) — be] = 0
3. hi(x) =c1,..., hm(X) = cm,

4,

5. gl(X*) < bl, ce 7g,l((X*) < bk.

AP >0,..., M >0,

lzmir University of Economics Econ 533: Quantitative Methods and Econometrics



Minimization

Constrained Minimization Problems

Theorem

Suppose that f,g1,...,8, h1,..., hm, are C! functions of n variables.
Suppose that x* € R" is a local minimizer of f on the constraint set
defined by k inequalities and m equalities.

gl(Xla'-')Xna) Z b17"'7gk(xl7"'axn) Z bk'
hl(X17...,X,,,) = C17...,hm(X1,...7X,,) = Cm-

Assume that the first ko constraints are binding at x* and that the last
k — ko constraints are not binding. Suppose that the following NCDQ is
satisfied at x*: The rank at x* of the Jacobian matrix of the binding
constraints
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Minimization Kuhn-Tucker

0 e)
o (x) o g (x)

g . . ag .
g—;;o(x*) . 6:’ (x*)
a—xi(x*) . 8)& (x*)

%hTT(X*) . 8h—’"(x"‘)

is ko + m - as large as it can be. Form the Lagrangian

L(Xl,...,Xn,)\l,...,)\k,,ul,...,,U,m)
= f(X) - )\1[g1(X) — bl] — ... Ak[gk(X) — bk]
—ph(x) —a] = ... = pim[hm(x) — cm].
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Minimization

Kuhn-Tucker

Then, there exist muItipIiers Al NG Y, - - s iy such that:
1.

ébq(x A*) =0, "’8x L (x*, )\*)—

2. M [g1(x) =] =0,..., A [gk(x) — be] = 0
3. hi(x) =c1,..., hm(X) = cm,

4,

5. gl(X*) > bl, ce 7g,l((X*) > bk.

AP >0,..., M >0,
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Introduction Equality Constraints Inequality Constraints Mixed Constraints Minimization Kuhn-Tucker

A recipe for the Lagrange Method

» Formulate g(x) < b(g(x) > b) for maximization
(minimization) problems

v

Check the constraint qualification

v

Introduce the Lagrange multiplier(s) and set up the Lagrangian
Write the first order conditions (FOCs)
» Determine the critical points satisfying the FOCs

v

v

Evalauate the objective function at each critical point
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Kuhn-Tucker

Kuhn-Tucker Formulation

» The most common maximization problems in economics involve
only inequality constraints and nonnegativity constraints.

maximize f(x1,...,xn)

subject to  g1(X1,. .-y Xn,) < b1, ..., 8k(x1, .y xn) < br. (8)

x1>0,...,x, >0.

» We would write the Lagrangian as

L(X, A1yeeey My Vg ooy V)
=f(x) — Mlg1(x) — b1i] — ... — Ak[gr(X) — be] + vaxa + ..., VX
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Introduction Equa s nequality nts V aints Vi tion Kuhn-Tucker

» The FOCs are

oL of dg1 98k _
(97)(1 o 8X1 _/\18X1 _"'_)\ké)xl tw= ’
oL of _ og og
Ox, Ox, "8x,,_"'_)\k8x,,+vn_ ’ ()
oL
A1(g1(x) — b1) = =\ Ve 0,
oL
Ak(gk(x) — bi) *AkaTk 0, (10)
vix; =0,
VaXp = 0, (11)

plus the inequalities in (8).
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Kuhn-Tucker

» L, Kuhn-Tucker Lagrangian, does not include nonnegativity
constraints:

L(x, A1y Ak) = F(x) — Mfga(x) — b1] — ... — Aklgr(x) — by] (12)
> Note that

L(x,/\l,...,)\k,vl,...,v,,):Z(x,)\l,...,)\k)—l—v1x1+...+v,,x,,.

> Forj=1,...,n, write (9) as
ﬁ — 87[4»‘/__0
oxj  ox 7
oL
5 13
D% vj (13)

at the solution for each j.
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Introduction Eqt nts y s Mix ints Vlin tion Kuhn-Tucker

» By (11), (13), and the equations v; > 0,

oL oL
Z— <0,x— =0. 14
8Xj - O’XJan 0 ( )
» On the other hand, for any x,
oL oL
7 — k. o > 0.
a)\j 8)\j bJ g.l(x) = 0 (15)
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Introduction Equali nstraints y ints Mix onstraints Minimization Kuhn-Tucker

» Combining (10), (14), and (15) the first order conditions in
terms of the Kuhn-Tucker Lagrangian are

oL oL oL oL
= <0,...,— <0, ——>0,...,— >0,
ox1 — OXp O Ok
oL oL oL oL
Xlai)q—o,...,Xnaixn—O, 167)\1—0,...,)\[(87)\1(—0,
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Kuhn-Tucker

» Advantages of Kuhn-Tucker formulation
1. It involves n + k equations in n + k unknowns, compared with

the 2n + k equations in 2n + k unknowns.
2. x;j's and A;'s enter the first order conditions in a symmetric

way.
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